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A STMPLE AFPFPROXTMATE METHOD FOR OBTAINING SPANWISE
IIFPT DISTRIBUTICNS OVER SWEPT WINGS

By Franklin W. Diederich
SUMMARY

I+ is shown how Schrenk’s empiricel method of estimating the 11ft
distribution over stralght wings can be adapted to swept wings by
replacing the elliptical distribution by a new "ldeal" dlstribution
which varies wlth eweep. The applicetion of the method 1s dlscussed
in detail and several comparlsons are made to show the agrsement of the
proposed method with more rigorous onss. It 1s shown how first-order
compreasibillty corrections a.;pplica.ble to suberltical speeds may be
included in this method.

INTRODUCTTON

A great number of methods for estimating the 1ift dlstrlbutlon
over unswept wings have been avalleble‘for some time, most of them based
on the concept of the lifting line. The accuracy of these ratlonal
methods 1s limited by the degree of closeness with which the lifting
line represents the physical conditlons, so that mauch of the time
consumed in obtaining very accurate mathematlcal solutions for the
1ifting-line equation 1s unwarranted. However, the experience gainad
with solutlions obtained by these more accurate mesthods has pointed
the way to simplified emplrical methods which do not involve the
solutlion of any mathematlcal equatlons.

Glanert's suggestion (reference 1) that the shape of the 1ift
distribution was "intermesdilate between that of the asrofoll (wing) and
that of the ellipse” was followed up by Schrenk (reference 2). He
decided that in the case of untwisted wings the 1ift distributlon
could be repressnted approximately by the arithmetic mssn of an ideal
distribution and the plan-form distribution of equal area, the ldeal
distribution being of elliptical shaps. For twlsted wings he resolved
the 1ift distributlon Into an additional distribution to be obtalned
as described above and a basic dlstribution to be obtalined by taking
one-helf of the distributlon of the product of chord and sngle of
twist (measured from the angle of zero lift of the wing) and rounding
off any sharp corners in thet distribution. By means of sevaral
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numerical comparlisons he demonstrated that the resulte of hils method
chocked those of the rational mothods and experimental results with
sufficient accuracy for maeny practical purposes. Further comparisona
made in references 3 and 4 corroborate this observation.

The classical Iifting-line methods do not apply to swept wings,
however, so that Schrenk's approximate method, which 1s based on the :
results of lifting-line methods, muet be expected to fail, as well. A
nunber of rational lifting-surface methods have been developed to treat
swept wings (for example, references 5 end 6), which are considerably
more time-consuming than even the lifting-line methods. These lifting-
surface methods have been used for a number of computatlonz, and
corroborative experiments have been carried out on a set of full-scele
models (reference 7). The results provide a basis for a method similar
to Schrenk's, which is outlined In the present report. Ths only differ-
ence conslists of the fact that the ellipse 1s no longer considered as
ths i1deal distribution for the additionsl 1ift distribution. A set of
new ldeal distributions which depeni on sweep has boen determinsd as ths
set of curves which, when averaged with the chord distribution, ylelds
results which are closest to theoretical lifting-surface solutions for
varlous plan forms and degrees of awsep. The theoretical solutions
roaquired were avallable in a number of publlished and unpublishsd reporta
for angles of sweep up to 45%; no ideal distributions have besn derivsd
for sweep angles larger than i The distributions are independent of
the aspect ratioc within the range of practlcel aspect ratios, as in thse
case of the unswept wing. They can be used for estimating the additional
loading (and, consequently, ths total loading) over any swept wing with
a degree of accuracy which is entlrely adeduate for many purposes.

SYMBOLS

A aspect ratio (b°/S)

b gpan, feet

c chord, measured parallel to the plane of symmetry, fest
g average chord, feet (S/b)

Cr, wing 1lift coefficient

cy local 1ift coeffilcilent

£ crdinate of the "ideal" distribution curve

G Glauert-Prandtl correction (1/Vi - ME)

k® angular chenge in zero-lift dilrection of any szction produced by
flap dlsplecement &, radlans
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M Mach number

m  slope of wing 1ift coefficient (d.CI/da)

m, slope of sectlion 11ft coefficlent (@.CL/G.G) Aﬂ)

m, average slope of sectlon 1ift coefficient

S wing area, square feet

¥y lateral ordinate, feeot

o local angle of atbtack measured from a common reference, radians

a average local angle of attack measured from the common reference
(essumed to represent the zero-1ift angle of the wing), radians

C;'o locel angle of atback mesasured from the zero-lift angle of the wing,
radians

A angle of sweepback at the guarter-chord line (negatlivs values of A
indicate sweepforwerd), degrees

A taper ratio (ctip /croot)

Subscripts: -

a; eadditional 1ift aistribution (for cf = 1)

b  basic 1ift distribution (for Cf, = 0)

compressible flow
equivalent (in incompressible flow)

equivalent unswept wing

DESCRIPTION OF THE METHOD

Additional Lift Distribution

The additional 1ift distribution is obtained from the relation

ac;, %Quﬁ"‘(% ) )

o

Q



L - NACA RM No. LTIOT

2
where £, which replaces the elllptic distribution % 1- _3/(_> of
b/2
roferences 2, 3, and 4, is to be read from figure 1 for the given sweep
angle A, measured to the quarter-chord line. The value of W, is
obtained from the definiticn

b/2
To = -g-f moc 4y (2)

by graphical or numericel means, as described in references 3 and L,

Wings of variable sweep, such as the M, W, and pterodactyl types,
have besn proposed from time to time. It appears thet the 1ift distribu-~
tion over such & wing cannot be estimated vory accurately by any simple
means. One way of obtaining a useful approximation, however, appears to '
be the use of an idesl dlstribution f corresponding to the average

sweep angle A defined by

/2
tanf&:%fb tan Ac Ay (3)
o

Baslc Lift Distribution

The basic Llift dlstribution 1s less effected by sweep than the
additional 1ift distribution. Furthermore, 1t usually constitutes a
small part of the total 1ift distribution. Consequently, no essential
deviation from Schrenk's method appears to be warrented. The basic Lift
distribution is obtalned from the relation

1 _oecm 4
a(cclb)—eaﬁo% )
where
Gy =@ - & (ha)
and.
/2
a =§ ac 4y (4b)
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Al1 ‘sharp cornmers are rounded off in accordance wilth the suggestions of
roferences 3 and 4 in such a manner as to yield a total 1lift equal %o

zero. The factor m/ﬁo kas been iIntroduced because comparisons of baslc
1ift distributions sstimated by Schrenk's method with those calculated Wy
lifting-surface methods indicate that much bstier agreement betwsen the

two can bs obtained if Schrenk's rosults are multiplied by the factor m/f_;
this applies to both awept and unswept wings.

Subcritical Compressibllity Corrections

Anglyses of linearized three-dlmensional compresasible flows (for
example, roference 8) indicate that the 1ift of a wing in a compressible
flow can be obtalned by finding ths 1ift of an egulvalent wing in
incompreszible flow and multiplying 1t by the Glauert-Prandtl correction G.
Ths aspect ratlo and the swesp of the equlvalent wing are related to those
of the actual wing as follows:

Ae =% (5)
tan Ay = G tan A : | (5a)

The taper ratio is the same for both wings.

Thls procedure results In 1ift distributions over unswept wings
which are unaffected by compressibillty. The 1ift distributions over
swept wings, however, are modified by compresslbility in the same
. manner asg they ars by increasss in the angle of sweep in incompressible
flow. ©Specifically, the ldeal distribution f for a wing In com-
pressible flow 1s to be chosen for the angle Ay rather than A.

Similarly, the 1ift slope of a wing in compreaslble flow may be
obtained from that of an squivelent wing in incompressible flow. An
unpublished analysis which takes account of the eoffect of sweep on
dovnwash in Incompressible flow in a rational but spproxlmate mannsr
hag bsen performed by Mr. Thomas A. Toll. According to this analysis,
the 1ift slope of a swept wing in incompressible flow may be estimated
from the relation

(A + 2) cosA
m =
A+ 2cosh

(6)

whers the 11ift slope my, is to be taken for an unswept wing of the
same aspect ratio and teper ratio. If the effects of compressibility
ars accounted for in the manner outlined previously, equation (6) is
modifisd as follows:

o= (Be + 2) cos Ae
Ae+2co:s./&e

"o (7)
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The 1ift slope msc 1s to be taken for an unswept wing of the actual

aspect ratlo and taper ratioc operating at the actual free-stream Mach
number. It is approximastely equal to G times the slope mgy of a
wing with the actual taper ratio and the aspect ratio Ag.

These corrections are based on the linearized equations of flow
and conssoquently becoms Invalid as the free-stream veloclty spprosaches
elither that of sound or that corresponding to the critical Mach nuwmber
of ths wing. A more detalled analysis must bes made if either a Mach
numbsr of about 0.9 or the critical Mach number of the wing (whichever
is lower) is exceeded.

DISCUSSION

In consldering ths rellebllity of the method outlined in this
report, 1t must be kept in mind that the method is based on results
obtained by means of potential-flow lifting-surface. methods and
consequently does not take account of boundary-leyer effects. Both
this method and the more refined methods are useful because they
provide first-order estlmates of the load distribution at low and
and medlum angles of attack; they also provide bases for empirical correc-
tions for boundary-layer eoffects where these effects are of particular
importance, that 1s, for large angles of atteck and sweep. Since,
however, the boundary-layer effects depend on Reynolds number, Mach
number, the section properties, and the plan-form paremeters (which
include sweep), the experimental informatlon now avallable is entirely
insufflcient for the determination of a set of boundary-layer correc-
tionse. When more experimental information is availeble and such a set
of corrections ls obteinsd, 1t will epply to the approximate methods
ag woll as to the ratlonal potential-flow methods of estlmating the
load distribution.

Figure 2 shows the agreement of the additional 1ift ‘distributions
obtained for different wing configurations by the emplrical method of
this report with those calculsted by Falkner's method (reference 5)
and those measured on full-scale models (reference 7). It appears that,
while the results estimated by the two methods differ slightly from
each other, both agree equally well with ths experimental results, at
leant at the relatively low angles of attack used In the teats.

Figure 2(d), which shows the agreement of the approximate method with
Falkner's in the cass of an untapered sweptback wing, indicates that
the approximstion is valid even for largs tepsr ratios. No experi-
mentel results appear to be avallable for comparison.

Figure 2(e) has been drawn for a ptercdactyl wing in an attempt
to show how accurate a result mey be obtalned for wings of variable
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sweep by the approximste method. The 1deal distribution £ Tfor the
pterodactyl wing shown in the figure was chosen for an average sweep
angle A = 25°. The agreement of the distribution obtalned in this
case with thet calculated by Falknor's msthod 1s adequate for most
structursl purposes.

The agreemeont between the results obtained by Schrenk's method,
the lifting-line theory (refersnce 9), and Welssinger's mothod (refer-
ence 6) for flapped and twisted untapered wings of aspect ratio 5 is
shown in figures 3(a) and 3(b), respectively. In falring the distribu-
tions for Schrenk's mothod equal areas have bsen subtracted at the tip
and at or near the root. It appears that the resulbts of Schrenk’s
method are slightly lower than those of lifting-line theory and that
they would have to be reduced about 30 percent In order to agree with
those of Weissinger's mothod. Application of the factor m/E, would
reduce the value by 32 percent; this fact was the basls for including
the factor in equation (4).

It appears that there is comparatively little difference bstween
the distributions for the three different values of sweep, although the
usual trends are noted, 1n that the tendency of both sweepback and
gweepforward is to reduce the ordinates of the lift-distribution curve
for a given angls of atbtack end the tendency of sweepback 1s to shift
the load outboard, whereas that of sweepforward 1s to shift the load
inboard, Inasmuch as these differences are smaller than those betwsen
the estimated distribution and ths calculated distribution for zero
gweep, and inasmmch as the basic 1ift distribution usually forms only
& smell part of the total distribution, 1t appears that little gein
could be had by attempting to obtaln a closer estimate for it.

It might be sxpected that of the family of curves presented in
figure 1 the ons for zero swsep would be an ellipse. Actually, there
is a slight deviation, sincs the family of curvez 1s based on 1lifting-
surface theory, whareas Schrenk's adoption of the ellipse is based on
lifting-line theory. Experimental results for the total 1ift of wings
with zsro swesp agree more closzely with those of lifting-surface theory
then those of lifting-line theory (reference 6), end, while few corre-
sponding comparisons appear to have been made for the 1ift distribu-
tions on wings of zero sweep, the sams relatlve accuracy may be expected.
A lifting-line calculation has been mads for the wing of figure 2(a)
by Multhopp's lifting-line method (refersnce 9) and it appsars that
Fallmer's distribution i1s in slightly better agreement with experimental
values than the 1ifting-lins distribution.

The fact that the ideal distribution curves do not pass through
zero at the wing tip results from the conslderation that in order to
y¥ield zero 1lift at the tip the positive wvalus of the tip chord requires
an =zqual nsgative value of the ldeal distribution to be averaged with
it. Since the tip chords vary for different plan forms, 1t has been
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found to be expedient to draw the distributlions only up to the point
where they reach zero. If 1n using them any sharp cormsrs are obtalned
in the lift distributlon, they may be falred by eye. Th2 areas under
the ideal distribution curves have been so adjusted as to glve an

cc
area of 1.000 under the curves for —t plotted against E%E’ with an
cCr,

allowaence made for the felring that may normally be required.

The term "ideal" applied to the distributions of figure 1 has bsen
carried over from reference 2 and 1s actually somewhet of a misnomer
in the case of swept wings since, by Munk's stagger theorem, the
elliptic dlstribution always causes the least 1nduced drag, regardless
of sweep. The term is not intended to imply that the distributions of
filgure 1 constltute desireble 1lift dlstributions.

CONCLUDING REMARKS

It has been demonstrated that the 1ift dlstribution over swept
wings can be estimsted with adequate accuracy for most practical
purposes by moans of simple extensions to Schrenk's mesthod. These
axtensions conslst primarily of using a nsw set of idesl 1ift-
dlstribution curves which depend on sweep Instead of the ellipse in
estimating the additional 1lift distribution. The shaps of the basic 1lift-
distribution curves can be estimated by Schrenk's method without any
modification for all practlcal eweep angles, but the magnltude should
be mulitiplied by the ratio of the wing lift slope to the avsrage section
1ift slope for all cases, Ilncluding the straight wing.

The results of this empirical method are in as good agreement
wilth experimental results as thoss furnished by the rational lifiing-
surfaece methoda for all practical sweep angles and for tapered wings. -
For wings with sweep angles which vary along the span the agreement
between the empirical and ratlomnal results is not as good, but may be
adequate for structural purposes.

Insufficlent experimental Informatlion exists at this time to
provide a basla for empilrical corrections to account for houndary-
layer effects; this shortcoming affects the results of both the
empirical and the rational methods. However, at low and medium
angles of attack no correction is required for most purposas.

In order to estimate the shape of the distributlion curve for
compressible flows the ideal-dlgtribution curve must bs chosen for
an increased sweep angle. A first-order estimate of the magnituds
of the curve or, for that matter, the 1ift slope 1s given by equation (7).
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Both these corrections ars applicable only to subsonic and suberitical
gpeeds.

Langley Memorial Aeronsutical Laboratory
National Advisory Committee for Aercnsutics
Langley Field, Va.
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